AN IMPROVED ANALYTICAL THEORY OF ROSSBY WAVE DRIVEN - k“
EULERIAN AND LAGRANGI..(U) HAWAIL INST OF GEOPHYSICS

. HONOLULU 1 S OH ET AL. MAY 84 HIG-84-1
UNCLASSIFIED N0OQ014-82-C-0380 F/G 8/3 NL

AD-A144 951




||||| 10 K 2
= |

el

i ildhg%
""I T =

fles

22 i ne

MICROCOPY  RESOLUTION TEST CHART
NATE NG B kA b AN G :




: AN IMPROVED ANALYTICAL THEORY OF
ROSSBY WAVE DRIVEN EULERIAN AND LAGRANGIAN MEAN FLOWS
: ALONG NON-ZONAL BARRIERS,

F

8 WITH APPLICATION TO THE HAWAIIAN RIDGE

<t

< IM SANG OH and LORENZ MAGAARD

-

<

=

DTIC

_ MAY 1984 NCLECTE
i Q AUG 2 8 1984
. > s
P A W
; 3 B
3 i
L=
I b
3‘ - Prepared for
. HORATTY e
2 = L Appo:a;fb:::np Unlimited
, HAWAH INSTITUTE OF GEOPHYSICS

UNIVERSITY OF HAWAII
HONOLULU, HAWAII 96822

84 08 27 157




HI1G-84-1

AN IMPROVED ANALYTICAL THEORY OF
ROSSBY WAVE DRIVEN EULERIAN AND LAGRANGIAN MEAN FLOWS

ALONG NON-ZONAL BARRIERS,

WITH APPLICATION TO THE HAWAIIAN RIDGE l

|
Im Sang Oh ]
Hawaii Institute of Geophysics

and }

Lorenz Magaard
Hawaii Institute of Geophysics
and
Department of Oceanography

University of Hawaii DTI C .
Honolulu, Hawaii 96822 3 ;
@ FLECTE '

-, AUG2 8 1984

May 1984 T t:r':

B

Prepared for

OFFICE OF NAVAL RESEARCH
Contract N00014-82-C-0380

Charles E. Helsley /
Director
Hawaii Institute of Geophysics

|
r

DISTRIBUTION STATEMENT A ‘?

Approved for public releasel
Distribution Ualimited R




] o

PRECEDING PAGE BLANK-NOT FILMED
Y .

Abstract

‘We study the reflection of baroclinic Rossby waves from a non-zonal
barrier. In doing so we improve and extend an analytical study by Mysak
and Magaard (1983). We add lateral friction to their model and obtain ,
not only a more realistic Eulerian secondary flow, but we also calculate i
the Stokes drift of the total Rossby wave field. We apply our improved
and extended model to the Hawaiian Ridge where the incident wave field is
known (Magaard, 1983).

Compared to the case of vanishing lateral friction, the Eulerian mean flow
now shows smaller current speeds and wider current bands. The narrow
eastward jet in the immediate neighborhood of the Ridge i1s now replaced
by a much weaker, broader eastward flow. The subsequent western boundary
current and eastward countercurrent are now shifted farther away from the
Ridge in better agreement with White's (1983) analysis of historical
temperature data. The Lagrangian mean flow 1s stronger than the Eulerian
mean flow., Within the first 100 km off the Ridge the two flows are

/’

% mostly in opposite directions. ./
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1. INTRODUCTION

In a recent paper Mysak and Magaard (1983), henceforth referred to as MM,
studied the reflection of baroclinic Rossby waves from a non-zonal
barrier. They have shown that the total field of incoming and reflected
waves leads to an Eulerian secondary flow, and they applied this theory
to the eastern portion of the Hawailian Ridge area where the incoming
Rossby waves are known (Magaard, 1983)., The theory predicts an Eulerian
mean flow along the Ridge that compares fairly well with a current
derived from historical temperature data by White (1983). MM and White
called this current the "North Hawaiian Ridge Current.”

In their analytical theory MM use Rayleigh damping to reduce the
magnitude of the mean flow to realistic values, which necessitates a
value of R = 5 x 10~8g~1 for the damping coefficient, i.e. a

relaxation time of 200 days. This coefficient cancels out the very
low-frequency waves (0.1 to 0.25 cpy range) and still cripples the annual
and near-annual waves to such a degree that the whole concept of studying
the problem by means of linear reflection theory becomes questionable.
Moreover, restriction to Rayleigh damping excludes the possibility of
studying the reflection process under a nonslip condition at the barrier,
a shortcoming of the MM theory.

In this paper we introduce lateral friction to the study to allow a
treatment of the reflection process under a nonslip condition. This
introduction allows for smaller values of the Rayleigh damping
coefficient, and makes the application of linear wave reflection theory
more meaningful.

MM studied only the Eulerian mean flow associated with the incoming and
reflected waves. So far there are only Eulerian observations of White to
check theories against, and even these observations rest on a very thin
data base. In this paper we improve the theory of the Eulerian mean flow
generated by the waves, and thus achieve a better agreement between the
theory and the Eulerian observations. Moreover, we determine the
Lagrangian mean flow by studying the Stokes drift of the waves. A
comparison of the theoretically predicted Lagrangian flow with
observations must wait until Lagrangian data are available.

2. THE EULERIAN MEAN FLOW

The nondimensional potential vorticity equation with the inclusion of
Rayleigh damping and lateral friction reads

D 2 - N
Do [T+ (BTH), + E%Y] = -RMVRy 4 ATVR(VR) (2.1)

where X, Y and z are the coordinates in the eastward, northward and

upward directions; ¥ 1is the geostrophic pressure; V° = 3xx + aYY s
D -
P =% - WYSX + wan; and B, % , R* and A* are the nondimensional




parameters:

B = riZ/ Pz [N (2) Hzlfj 1 /87 (Burger number)

B* = £,02 c0t¢O/ReU° (planetary vorticity factor) (2.2)
R* = (R/Uy) R (nondimensional Raleigh damping parameter)
A* = (Ut A (nondimensional lateral friction parameter).

In (2.2) the dimensional quantities have the following meanings:
r{ = intevnal Rossby radius of deformation
N = Brunt-Vaisili frequency
H = ocean depth
2 = horizontal length scale
fo = mean Coriolis parameter (2.3)
<o = reference latitude
Up = horlzontal velocity scale
R. = earth's radius
R = Rayleigh damping coefficient (of dimension time™1)
A = lateral friction coefficient (of dimension length2time=1).

Except for the additional lateral friction term (2.1) is the same as
(2.1) of MM.

We introduce a set of rotated coordinates x, y which are parallel and
perpendicular to the barrier:

X =Xcos> - Y sin:

y =Xsina + Y cosa, (2.4)
where o 1s the angle between the barrier and the circles of latitude.
Under the transformation (2.4), (2.1) takes the form
TDt (Vi + (871 y,)_ + B¥(-xsina + ycos0)] = -RAVZy + ARV2(V2y), (2.5)
where now § = Y(x,y,z,t), V’ = O3xx + dyy and -g%-' ¢ - Wyax'+ Wxay
In addition to the boundary conditions

V=0 at y=20 (2.6)
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and
—D—‘i’ =0 at =
Dt z b z = 0: -1 (2.7)
- we add the nonglip condition
¥, = 0 at y = 0. (2.8)

J

The nondimensional velocity components and perturbation density field, -,
can be computed from ¥ via the relatioms

1 D Y
TR e A (2.9)

u = 4y , = { = -
¢y vEy o, w .

X

Finally, we note that to obtain dimensional quantities (denoted with a
superscript d), the following relations must be used:

[xd! ydr Zda tds Uds Vda Wd: Pd, pd] (2.10)
= [ix, &y, Hz, (R/U,)t, Ugu, Uyv, (RGHU /2w, 0,f U 20, (oxf U 2/gH)o] »

where Ro = Up/fy 2 18 the Rossby number, 0, 1is a constant
reference density, and the other quantities are defined in (2.3).

Like MM we seek solutions of (2.5) - (2.8) of the form

V=Y 4y, (2.11)
where
V(y,z t) 11 1 ?wd
2Ly = m —/udx
Lo 2L} (2.12)

represents a wave-induced mean field which yields the mean current 4§ = ~?§

P,

parallel to the barrier, and U' represents a fluctuating field which
consists of the superposition of the incident and reflected waves. Upon
substituting (2.11) into (2.5) we obtain

5, (W, + (B™W.).] + 5*sinaT + RMJ - A*T =M -H .
where M = -y ey,
y 'x
and = gy - -1
H =¥ '8y, v'B=(-0"),

'Llu_* A s I VR S v T e S N e S D SR
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Performing the same operations on the boundary conditions (2.6) to (2.8), we
find

V=0 at y=0 (2.16)

3 Ty - -
¥ Iy G V) 0 at z=0,-l (2.17)
W& =0 at y=0 . (2.18)

We assume that the fluctuations under consideration satisfy a lineérized
version of (2.5), which, in dimensional form, reads

2. £5° . ,
Vo' + (;gl—u;t)z + B(sinayy' + cosa®,') = -RVAY' + ATH(770') (2.19)

with boundary conditions

v'=0 at y=0 (2.20)
v,' =0 atz=0, -H (2.21)
vb'=0 aty=o0, (2.22)
v' finite as y + ® ., (2.23)

Equation (2.19) has four approximate solutions: the observed incoming wave,

bin = b (D) e i(k,x + k,y - wt) (2.24)

in
with real wave numbers ki, k2; the reflected wave,
i(x + L,y - wt)

Vpe = ¥1(2) e , (2.25)
where & ™ k1 and £, ™ .+ i2,.
and 2, , v,; are given as in MM (A9, Al0); and two solutions of
oo ==RY'  +AY' :
Viyy Vyy Yyyy (2.26)
Vo= (2)e i(mx + my - wr) (2.27)
where m) = k} and
. - 1
m,o= =2 R+ (R? +wH¥7TE 4+ 4 L (R4 R? +uD)H]? . (2.28)
2A 2A




Considering (2.23), we find that our total wave field is the real part of

V' o= WI(Z) (eikzy + aleizzy + azeimZY)ei(klx - wt) , (2.29)
where o,,a, are complex constants to be determined by the boundary
- conditions (2.20) and (2.22). For A = 0 (as in MM) we would get, = -1
and 2, = 0. In the general ifse (A # 0) we obtain :
m, - k. - ¢
2 2 - 2 *2
o, = — » a, = 2. "2
1 2, - m, 2 2, - m, . (2.30)
Substituting the real part of (2.29) into (2.14) and (2.15) ylelds L
= _ l "2 3 -2, -2m_.
M= 3 vI(z) k1 { kz + ala?ﬁzr e 2iY 4 a,0%m, e 21¥
+ Be—'q’ziy + Ce—mziy + De-(gzi + m21)y} ’ (2-31) \

where :]

B = Refla;(k, + %,)] cos[(k, - fop)y] + Imfog (k, + £,)] sin{(k, - L.pvls (2.32)

C = Re[az(k2 + mz)] cos[(kz - mzr)y] + Imla,(k, + mz)] sin[(k, - mzr)v], (2.33) [
D= Re[ala;lz + afazmz]cos[(ﬁzr - mzr)Y]

+ Inx[-alagzz + atuzmzl sin [(2zr - mzr)Y] ’ (2.34)

and

H=0. (2.35)
From (2.31) on, a superscript asterisk denotes the complex conjugate.
At this point we note that, if we had introduced an average with respect r

4 to time instead of (2.12), we would have obtained exactly the same
expressions for M and H.

As M and H are independent of t we can find a steady solution ;S of

(2.13). _The boundary current (Eulerian mean flow) T = -, will then |

have to satisfy the (dimensional) equation s y "
|

d’ug d T, Py (2)

A FTE - RTys- - 'BSinOL.JS = - T—r G(y) (2.36)

where

- Myy
vi(2)
and Py(z) is the amplitude of the pressure fluctuation associated with
the incoming Rossby wave.

G(y) = (2.37)

SN A e,




As boundary conditions we choose

ug = 0 at y = 0, (2.38)
ug+ 0 as y-» « , (2.39)

and
[ dgdy =0 . (2.40)

Equation (2.40) implies that there is no flow around the ridge as x » + o,
MM also used the nonslip condition (2.38) although, based on the Rayleigh
damping, there was no physical reason for using this condition. MM sghould
have used (2.40) instead. It is fortunate that, for the MM solution,
(2.38) and (2.40) are numerically equivalent.

The solution of (2.36) and (2.38) - (2.40) is

P 2 2 . ©
Bg(y,2) =L Pk [[K(oxcosw + Zsinty) + (7 TSIV B ay ) ke

2804£3 T 0
(2.41)
where
. y moy'" " y" - '
v -~ Y - -
K(y) = %lellyj 2= 1)y +°f° =Yy e Y Gyt dy dy" dy™ (2.42)
1>
1 /g_
0=--2-(r1 +r2), L -2—(r1 ‘rz)’ I =(r1 +r2),
.1 /3
Y:,Ya--z(r1+r)112(r +r2),

1.
and 2 L]
r , r. o R sina +(stin x RS 2
1 2 = x
2A 442 27A°

Generalization to the case of a random incident Rossby wave field, whose
potential energy spectrum is known, is done as in MM and leads to

~ 2 v
_ pr (2) V2
tg(y,2) = E*Lf?? \J; k) Ejpe (V) { [K(0,v) (costy + %simy)
1

2 ~2 . «w
+ (0+ 1 T) sinTy { K(y;V)dy] - K(y'\))} dv (2.43)

where ki, k3, 12, mp are functions of the cyclic frequency \ = /27 ,

K(y, v) 18 defined as in (2.42) where ki and G are now functions of

also, Epot(\J) is the potential energy spectrum of the incoming

(observed) Rossby wave fleld, ﬁI(z)is the normalized (as in MM) first
dﬁI/dz .

pressure mode, and ¢ * » Where CI describes the normalized (as n

N2z

I

MM) vertical distribution of the first-mode particle displacements.
Figure 1 shows the horizontal distribution of the surface Eulerian mean
flow ug(y,0), according to (2.43), for the case of the observed incoming
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Fig. 1. The horizontal distribution of the surface Eulerian mean flow ) 14
along the north side of the Hawailan Ridge. i

full line observed (after White, 1983,extrapolating
his 100/400 db values to 0/1000 db
values on the basis of the depth
distribution shown in Fig. 3 of MM)

broken line A=0 R=5x 10851 (from M)
circles A=1x102w2s71; R=1x 108g~1
triangles A=1x 10202571 R=5zx 10851
crosses (+) A= 2 x 102m2571; R=13x 10"8g~1
crosses (x) A = 2 x 102m2s71; R=5zx 1078g~1
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baroclinic Rossby wave field as described in MM. Except for R and A all

oumerical values of the various parameters are as in MM. This figure

shows the current for four different combinations of R and A. For

comparison the result of MM (1.e. A = 0) and the observed current (White,
- 1983) are also given. The vertical distribution of the mean flow is as
in Figure 3 of MM.

3. THE LAGRANGIAN MEAN FLOW

!

According to Longuet-Higgins (1969) the x-component of the Stokes drift ‘
assoclated with a single wave is i
!

t
Ust =]:{3' dt‘:l ©Vulo (3.1)

where u' is the wave-associated velocity vector, and the overbar denotes
a time average over one or more wave cycles. For a wave field containing {
waves of various periods we replace (3.1) by y

to+71T ¢t
a = lim — f f ' de ! c Tu' "
st ‘f--):x)T t. [ tﬂg ] u'de . (3.2) ‘

Using (3.1) we obtain for a single pair of incoming and reflected Rossby
waves (in nondimensional form)

i k vi(2)
st T ——— QW) (3.3)
where
* , 2 -2¢ -1T-g
Qly) = ZJIJI Q:i e AY o+ 247 m_ ;e ©ai¥
.a
+ B,e—Kziy + Coe-mziy + Dve—(’z;‘i + mzi)y ’ (3.4)
where %
-4
B' = Re [~x (k, - 22)2] cos[(k, - £..)y]

+ Iml-a (k, = 2,)7] sin[(k, - ¢,.)v] (3.5)

C'

Re[-a, (k, - m))?] cos[(k, - m, )y]

+ Im{-x,(k, - m,.)%] sin[(k, - m )y], (3.6)




*. 2
[

L J] cos{(izr - m r))']

s

Xl sin{ (R - mo vl . (3.7)

The y-component, Vgy, of the Stokes drift van'rhes.

For the case of a random wave field we obtain (in dimensional form)

) pi(z) VK,
Uge (v,2) —I—A—z— S —=E ot(\)) Qy,v) dv . (3.8)
~—*f0‘ r \ w p

1

Figure 2 shows the horizontal distribution of the surface Stokes drift
uge(y,0) according to (3.8), for the same numerical values as used for
the Eulerian mean flow, which 1s also displayed for comparison. In
addition, it shows the Lagrangian mean flow

G, = g + Ugr - (3.9)

4, DISCUSSION

Compared to the case of vanishing lateral friction (MM, Figure 4), in the
case of A#0 (Figure 1) the current speed i1s smaller and the width of the
current bands is larger. The narrow eastward jet in the immediate
neighborhood of the Ridge, as shown in MM (for A = 0), is replaced by a
much weaker, broader eastward flow., The subsequent western current,
which we would still call a western boundary current, reaches a strength
similar to that in MM only if values for R are decreased. Because of the
broader eastward current directly along the Ridge, the western boundary
current and the subsequent eastward countercurrent are now shifted
farther away from the Ridge. This means a better agreement with White's
(1983) observation which is also indicated in Figure 1.

The significance of the comparison of our theoretical predictions with
White's observational results should not be overestimated. White's
results rest on a thin data base. In addition, even if theory and
observations were perfect, one should not expect perfect agreement
between them. The reflection of Rossby waves 1s not the only potential
driving mechanism of a mean flow along the Hawaiian Ridge; in addition,
there can be a wind-driven flow which is not included in our present
theory. What our theory does predict is a mean current system north of
the Hawailan Ridge that is entirely driven by baroclinic Rossby waves and
that has a significant magnitude. Remarkably enough, this system shows a
resemblance with an observed current system. We conclude that the role
of the Rossby waves in the generation process of this current system 1is
significant.

g e




_lo-

y (km)

Q
200
F\ 3 \\\\\

\
\
' 150
pd
/
1100
-08 -04 0 04 0.8 1.2
U(m/s)

Fig. 2. The horizontal distribution of surface mean
flows along the north side of the Hawaiian
Ridge. The numerical values for the friction
parameters are A = 2 x 102m2s~1 and R =
1 x 107871,

rhombi Eulerian mean flow

asterisks Stokes drift

circles Lagrangian mean flow
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Table 1. Maximum values of current speed (in ms~1l) for the first three
bands of the Eulerian mean flow for various combinations of R and
A values.
R (10-8g-1) A (102m25~1) Eastward Westward Eastward
h Coastal Boundary Counter
flow flow flow
1.0 0.5 0.647 1,139 0.822
1.0 1.0 0.374 0.663 0.408
1.0 2.0 0.184 0.338 0.167
1.0 5.0 0.057 0.117 0.044
1.0 10.0 0.019 0.050 0.015
2.5 0.5 0.465 0.854 0.587
2.5 1.0 0.266 0.503 0.308
2.5 2,0 0.131 0.256 0.135
2.5 5.0 0.040 0.092 0.039
2.5 10.0 0.013 0.041 0.015
5.0 0.5 0.287 0.538 0.354
5.0 1.0 0.163 0.323 0.200
5.0 2.0 0.080 0.170 0.097
5.0 5.0 0.024 0.063 0.032
5.0 10.0 0.008 0.029 0.014
Table 2. ® - Rossby numbers ( €) for reflected Rossby waves for
various R, A combinations.
R (10-8s~1) A (102m2g~1) € (at 6.7 - year peak) € (for
annual waves)
1 0.5 122 4 - 60
- 1 1.0 89 4 - 50
1 2.0 66 4 - 37
1 5.0 47 3-25
1 10.0 38 2 - 19
: 5 0.5 11 4 - 53
- 5 1.0 8 4 - 44
> 5 2.0 5 4 - 32
‘ 5 5.0 3 3-21
5 10.0 3 2 - 16
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The Lagranglan mean flow assoclated with the Rossby waves is mainly
dominated by the Stokes drift (Figure 2). Over the first 100 km off the
Ridge the Stokes drift more than offsets the Eulerian mean flow such that
the Eulerian and Lagrangian mean flows are mostly in opposite

directions, and the Lagrangian flow is stronger than the Eulerian.

The introduction of lateral friction allows meaningful mean flows even
when the Rayleigh damping coefficient is small (R = 1 x 107 s1).

Figure 1 shows the Eulerian mean flow for four combinations of R and A.
Maximum current speeds for a larger number of R, A combinations are found
in Table 1. R =1 x 107858~1 means a relaxation time of 1000 days,

i.e. amual waves do not lose their wave nature through Rayleigh damping
as they did (more or less) in MM, where R = 5 x 107851 was chosen.

solutions we have

vy, 2 Lo
calculated the corresponding 3-Rossby number € = 2%;& , where k = :T

As another test of the wave nature of our "wave’

and ) 1is the wave length and U 1is the scale of the particle velocity.
For the incoming waves, < = 2 x 1072 at the 6.7-year peak, and <c-
values for the broad annual peak range from 0.1 to 1.4 and most values
are smaller than one. Clearly, these waves can propagate as free waves.
For the reflected waves, ¢— values are largest near the barrier. Table
2 shows their €~ values at the 6.7-year peak and for the ammual peak
for various R, A combinations. Naturally the influence of R on - 1is
stronger at the 6.7-year perjod than for the annual waves. At the
6.7-year period the reflected wave cannot propagate as a free wave
because it is damped too strongly either by Rayleigh damping or by
nonlinear effects. For the annual waves the influence of R is smaller.
For R =1 x 10'88‘1, Rayleigh damping does not eliminate the

reflected annual wave's possibility of propagating as waves; : - values
of 2 to about 50, however, make the applicability of linear theory to our
problem at least a controversial issue.

We have tried to include nonlinear effects, especially the action of the
mean flow on the reflected waves, in our analytical study; however, the
technical difficulties associated with such an attempt appeared
insurmountable. We are taking the point of view that we cannot go beyond
our present study by means of analytical tools. We are planning to
continue this work by means of numerical methods.
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Compared to the case of vanishing lateral friction the Eulerian mean
flow now shows smaller current speeds and wider current bands. The narrow
eastward jet in the immediate neighborhood of the Ridge is now replaced by j
a much weaker, broader eastward flow. The subsequent western boundary ]
current and eastward countercurrent are now shifted farther away from the
Ridge in better agreement with White's (1983) analysis of historical
temperature data. The Langrangian mean flow is stronger than the Eulerian
mean flow. Within the first 100 km off the Ridge the two flows are mostly
in opposite directions. 1
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